A resonance-like structure of internal conversion coefficients (ICCs) at low γ -ray energy ( 100 keV) is studied. Our calculations revealed new, previously unknown resonance minima in the energy dependence of ICCs for the ns shells at E2-E5 transitions. The resonances are the most defined for ICCs in light and medium elements with Z 50. It is shown that ICCs may have up to four resonances for outer shells while it has been assumed so far that only one resonance exists. Well-pronounced resonances in ICCs at E1 transition were discovered for the ns shells with n 2 as well as for the np shells with n 3 and the nd shells with n 4 of all elements up to superheavy ones. Simple expressions for approximate values of the E1 resonance energy were obtained which are of importance for determination of the resonance energy range where the interpolation of ICCs taken from tables or databases may give significant errors. The occurrence of resonances in ICCs is explained by vanishing conversion matrix elements under changes of sign. The peculiarities of the behavior of the matrix elements and electron wave functions at the resonance energy are considered. Available experimental ICCs for electric transitions with energies near the expected position of resonances satisfactory agree with our calculations.
I. INTRODUCTION
Internal conversion coefficients (ICCs) are commonly used in solving many problems of nuclear physics. Through comparison of experimental ICCs with corresponding theoretical values, multipolarities and mixing ratios of nuclear transitions are determined. Precise values of ICCs are also required for the development of nuclear level schemes as well as decay schemes, in Mössbauer spectroscopy [1] , in the decay heat calculations of spent nuclear reactor fuel cells [2] , and in other nuclear physics research. With a further increase of resolving power to the magnitude of the order of natural line widths of valence electrons ( 1 eV), the conversion electron spectroscopy provides a method for study of the electronic structure of condensed matter [3] [4] [5] . So the low-energy nuclear transitions are of special interest currently [6] [7] [8] . Several tens of transitions with the energy E γ 5 keV are investigated experimentally and theoretically up to the uniquely low-lying isomer 229 Th m with energy of several eV [9, 10] . All studies just mentioned require a knowledge of accurate values of theoretical ICCs.
There are a number of widely used ICC calculations. The recent tables [11] are recognized to be the most reliable ones. The calculation is based on the Dirac-Fock (DF) method where the exchange interaction is considered exactly between atomic electrons as well as between bound and continuum electrons. Data from Ref. [11] revealed the excellent average agreement with available the most accurate experimental ICC values [12] . However, some of individual ICCs disagreed considerably with theoretical DF values, initiating new ICC measurements with better than 1% precision [13] [14] [15] [16] to improve the experimental values and to test the theoretical model underlying the ICC calculations. Experimental ICC values obtained are in excellent agreement with DF calculations having regard to a vacancy in the atomic subshell where conversion occurs.
To make the new theoretical ICCs accessible for a very broad user community, the ICC database BrIcc has been developed [17, 18] which is now adopted by International Network of Nuclear Structure and Decay Data (NSDD). As distinct from that in Ref. [11] , a calculation in Ref. [17] has been performed with regard to the vacancy. In the new tabulations, the γ -ray energy range under consideration has been extended. ICC values for a specific transition can be obtained by interpolation within the BrIcc database.
It is common knowledge that ICC for a specific atomic shell is usually a monotonic function of the γ -ray energy E γ , the multipolarity L, and the nuclear charge Z [19] . However, at low energies, the monotony may break down. Of particular importance is the nonmonotonic behavior of ICCs as a function of E γ . All ICC tables are based on an energy mesh and ICCs for a specific energy are obtained by interpolation. In regions where the ICC is a nonmonotonic function of E γ (so-called resonance regions), one can obtain erroneous ICC values as a result of interpolation [20, 21] . It should be noted that, in addition, total ICCs may be nonmonotonically behaved showing "toothed discontinuities" when E γ passes through thresholds of relevant subshells [11, 22, 23] . However, we are concerned here with a resonance structure of the subshell ICCs.
Church and Monahan [24] were the first to note that the ICCs in the L 1 and M 1 shells for electric transitions are nonmonotonic as a function of E γ . More recently, the problem was further discussed in Refs. [12, [20] [21] [22] . It was noted in Refs. [12, 22, 24] that the nonmonotonic behavior of ICCs is a result of the matrix element cancellation. However, it has been assumed so far that one minimum in the E γ dependence of ICC exists only in the case of the ns shells with the principal quantum number n 2 and for L 2 electric transitions in Z 50 elements (see, for example, Ref. [12] ). The case of the E1 resonance was found by Dragoun et al. in ICC for the 5d 3/2 subshell of Pa (Z = 91) [25] .
In the present article, we report that at low energies, ICCs in the ns shells for E2-E5 transitions may have more than one resonance. The preliminary results have been presented in Ref. [17] . It has been revealed that this type of resonance occurs not only in light to medium elements but in heavy (up to Z = 100) systems as well. We have also discovered that resonance behavior at E1 transition can be present for the ns shells with n 2, for the np 1/2 and np 3/2 shells with n 3 as well as for the nd 3/2 and nd 5/2 shells with n 4 for elements from light to superheavy ones. Consequently, the present article is the first exhausting study of the problem covering a wide range of elements and shells.
In Sec. II, expressions for the ICC calculation are described. In Secs. III and IV, we review all ICC resonances obtained and discuss in detail the peculiarities and reasons of their occurrence. Section V is devoted to a comparison of theoretical values with available experimental ICC ratios of the L subshells L 1 /L 2 for electric nuclear transitions with energies near the expected position of resonances to provide support for the existence of the resonances.
II. METHOD OF CALCULATION
The relativistic expression for ICC in the ith atomic subshell, derived in the framework of the first nonvanishing order of perturbation theory and one-electron approximation for a free neutral atom, can be written as [11] :
is the radial part, and τ L is the nuclear transition multipolarity of electric type τ = E or magnetic one τ = M. Use is made of relativistic quantum numbers κ = ( − j )(2j + 1), where is the electron orbital momentum, and j is the total electron momentum. Indices i and f refer to the initial (bound) and final (continuum) states of the electron, respectively.
The summation in Eq. (1) extends over all final states allowed by the selection rules
even for EL transitions, odd for ML transitions.
For electric transitions, B τ L
and 
where¯ f = 2j f − f and
Radial integrals in Eqs. (4) and (6) are written as follows
Functions G(r) and F (r) are given by G(r) = rg(r) and F (r) = rf (r), where g(r) and f (r) are the large and small components of the radial electron wave function, respectively. In our calculations, G and F are solutions of the DF equations. Wave functions for the bound state G i and F i are calculated in the DF field of a neutral atom while continuum wave functions G f (E k ) and F f (E k ) are determined in the DF field of the ion with a vacancy in the shell from which the conversion electron is emitted. In calculating continuum wave functions, the conversion electron energy E k is determined from the energy conservation relationship:
where ε i is the binding energy for the ith atomic subshell. We use the experimental values of ε i . As in the majority of ICC calculations, the recoil energy and the work function are ignored in Eq. (10). These small contributions to E k have no effect on the present study. The radial part of the transition potential X (kr) in the surface current model is written as follows [26] 
where j (x) and h (x) are the spherical Bessel and Hankel functions, respectively. Inside the nucleus, the potential of a homogeneously charged sphere is assumed where R 0 = 1.2A 1/3 fm is the radius and A is the mass number. Eqs. (1)- (11) 
III. NEW ICC RESONANCES
For a specific multipolarity and a nuclear charge, ICCs usually increase with decreasing energy E γ (see Graph I in Ref. [11] ). In the appreciable energy region, the E γ dependence of ICC α τ L i (E γ ) is close to linear one if the logarithmic scale is used. In spite of the monotonic behavior of the majority of the ICCs as a function of E γ , it has been noted [24] that there is a minimum in α EL i (E γ ) for electric transitions with L 2 for the L 1 and M 1 shells of light and medium elements. This minimum later was called as the "ICC resonance structure" [22] , which occurs at the energy E (res) γ determined by the following expression for the L 1 shell [24] :
We have found [17] that there exist several minima (resonances) in α EL i (E γ ) for the ns shells with n 2, the resonance energy of Eq. (12) being the highest one. In As is seen in Fig. 1 (12) is justified in the case of the highest resonance (2 keV E γ 8 keV) not only for the L 1 shell but also for the higher ns shells.
It should be emphasized that ICC for E1 transition has one well-marked resonance for the ns shells higher than L 1 , while it was commonly assumed there was no resonance for E1 transition. The resonance becomes deeper for higher shells. It is evident from The ICC resonance at E1 transition for the ns shells with enough small ε ns exists for all elements up to fermium (Z = 100). We see the well-defined E1 resonance in Fig. 3 for the O 1 shell and in Fig. 4 , where ICCs for the N 1 shell of elements with 20 Z 100 are given. The E1 resonance becomes less deep and wider as Z increases, nevertheless there is a noticeable resonance even for fermium. The position of the resonance shifts to higher energies from 0.17 keV for Z = 20 to 3.2 keV for Z = 100. The resonance for E1 transition is deeper than for other transitions (see Figs. 1 and 2) . Because of this, the E1 resonance still persists for fermium.
As mentioned above, Fig. 5(a) shows the E1 resonance for the L 1 shell in a light element (Z = 11) at a low energy E and may be written as follows
The fitting was produced by the simplex search method [27] . for 23 shells of 10 elements with 56 Z 100 were used. In this case, δ = 5.5%.
We also found the E1 resonances for the np 1/2 and np 3/2 shells with n 3. The resonances for the M 2 and M 3 shells were revealed for 13 Z 37 where binding energies ε M 2 ,M 3 are small enough. In starting from the energy threshold, i.e., from the subshell binding energy. However, for more heavy elements, the E1 resonance arises in the higher np shells up to superheavy elements.
The resonance positions for shells with different n are rather close, shifting slightly to the left as n increases. For example, in the case of Z = 74, E In Fig. 7 , the E1 resonances for the N 2 shell of representative elements from Z = 32 to Z = 112 are shown. One can see that, as distinct from the ns shells, the resonance for the γ . Then the resonances become wider and less deep. However, even for Z = 100, the E1 resonance for the N 2 shell is much deeper than for the N 1 shell (see Fig. 4) .
To obtain Eq. (14a), we adopted calculated values of E
As mentioned in Sec. I, Dragoun et al. [25] were the first who detected the E1 resonance in ICC for the 5d 3/2 shell of protactinium (Z = 91). We found that ICCs for the nd subshells with n 4 have the E1 resonance for all elements from Z = 39 up to superheavy ones. It is seen in Fig. 8 Figure 9 shows also that E (res) γ for the nd shells does not practically depend on the principal quantum number n.
The approximate E1 resonance energy for the nd shells of all elements 39 Z 100 can be written as follows:
In this case, values of E (res) γ for 34 shells of 15 elements with 39 Z 100 were adopted. The relative rms error δ is equal to 3.8%.
IV. PECULIARITIES OF RESONANCES
Let us consider the origin of the ICC resonances in terms of conversion matrix elements and electron wave functions involved. The selection rules [see Eqs. (2), (3), and (5)] allow one to obtain readily the final electron states entering into the sum in Eq. (1) for ICC in various atomic subshells. The final electron states for conversion in the s, p, and d shells are listed in Table I .
As is seen from Table I , for the s-conversion and EL transitions, there are only two final states making up two components of a relativistic doublet with the same f and total electron momenta j 1 = f − 1/2 and j 2 = f + 1/2. Because of the electron wave functions for states f j 1 and f j 2 are close to each other, especially for low Z, the relevant matrix elements M EL ns ( f j 1 ) and M EL ns ( f j 2 ) for a specific n and L are approximately equal in magnitude, being usually opposite in sign. The latter is not essential because ICC includes squared matrix elements. An important point is that both of the matrix elements change their signs at the approximately same energy E γ one or more times. The resonance occurs in the vicinity of this energy. (E γ ) demonstrated in Fig. 1 . The same situation is displayed in Fig. 11(a) Table I ), neither matrix element changes sign as shown in Table II Strong resonances in ICC for the ns shells of light elements at E2-E5 transitions are attenuated as Z increases because the difference between two matrix elements with common f 2 becomes more and more considerable, the largest matrix element (or sometimes both of them) being sign constant. In Fig. 13 , matrix elements for the O 1 shell of tungsten are given for E1 and E2 transitions. As is seen, matrix elements for
(p 3/2 ) are still rather close to each other, the first changes sign at 0.83 keV and the second at 1.14 keV. The relevant ICC has the E1 resonance at the middle point E 
0.14 -4.20 (5 range. It has been shown in Ref. [28] that usually the inner part of an atom is of major importance in the formation of ICC in all atomic shells, including the most outer ones for various transitions in the wide energy range. Let us consider the r dependence of the radial matrix element R EL ns ( f j f ). For EL transitions, the radial integral R 3, =L [Eq. (9)] makes a major contribution to the matrix element, the imaginary part of R 3, =L being usually several orders of magnitude larger than the real part. So we consider the r dependence of the integral
The integral of Eq. Figure 14 makes it clear that in the resonance cases, the matrix elements under consideration, and, consequently, corresponding ICCs, are formed in a large atomic region revealing oscillations with large and small amplitudes as is shown in panels (c) and (f). The negative minimum of the curve in panel (f) exceeds the asymptotic value of the integral [Eq. (16) ] by a factor of 46. The formation region radius, that is, the distance where the integral reaches its asymptotic value, equals to several atomic units which correlates with the radius of the valence 4s shell. On the contrary, as is shown in panel (i), outside the resonance energy range, the matrix element attains an asymptotic value smoothly with no drastic changes. In this case, the formation region radius is an order of magnitude smaller, that is the ICC forms in the inner part of the atom.
Besides, it should be noted that in the vicinity of E 
V. EXPERIMENTAL VERIFICATION OF RESONANCES
To verify the existence of the resonances, the ENSDF [29] database was searched for suitable candidates. We only considered pure E1-E5 multipolarities and ns atomic shells. Equations (12) and (13) were used as a guide to predict the position of the resonances. Since the resonant energies are usually rather low, in most cases only the relative subshell conversion electron intensities are known. The fact that no E1 transition was found is not surprising as the resonance is very sharp and is expected at very low energies. For E2-E5 transitions, resonances are not expected in the L 2 shell, therefore the experimental L 1 /L 2 subshell ratio is a suitable measure to test the presence of resonant behavior in the L 1 shell. -------10   --------100   --------1000   --------------------- -------------------------------------------- γ . For the low-energy resonances to be verified, new precise experiments are required.
